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Recent astronomical observations, nuclear-reaction experiments, and microscopic calculations
have placed new constraints on the nuclear equation of state (EoS) and revealed that most nuclear-
structure models fail to satisfy those constraints upon extrapolation to infinite matter. A reverse
procedure for imposing EoS constraints on nuclear structure has been elusive. Here we present for
the first time a method to generate a microscopic energy density functional (EDF) for nuclei from
a given immutable EoS. The method takes advantage of a natural Ansatz for homogeneous nuclear
matter, the Kohn-Sham framework, and the Skyrme formalism. We apply it to the realistic nuclear
EoS of Akmal-Pandharipande-Ravenhall and describe successfully closed-(sub)shell nuclei. In the
process, we provide predictions for the neutron skin thickness of nuclei based directly on the given
EoS. Crucially, bulk and static nuclear properties are found practically independent of the assumed
effective mass value – a unique result in bridging EDF of finite and homogeneous systems in general.
PACS numbers: 21.60.Jz, 21.10.-k, 21.30.Fe, 21.65.Ef,
I. INTRODUCTION
Energy density functional (EDF) theory provides a
unified framework for both finite, self-bound nuclei and
the equation of state (EoS) of infinite nuclear matter.
The founding theorems of EDF theory [1, 2] were formu-
lated originally for an externally bound, non-degenerate,
unpolarized electron gas in its ground state, but were
followed over the years by numerous generalizations to
situations including degenerate, polarized, and finite sys-
tems, and to excited states, as well as by practical jus-
tifications and refinements in a hierarchy of approxima-
tions [3, 4]. Attempts exist to formalize intrinsic EDFs
for self-bound systems [5–7]. Formal justifications aside,
the Kohn-Sham framework is widely used in nuclear
physics [8, 9], as exemplified by (though not restricted to)
Skyrme models. There are various approaches based on
the Hartree-Fock approximation, with or without explicit
correlations beyond mean field or pairing, and extending
to linear-response theory.
Current major goals of nuclear EDF research include
1) establishing connections between EoS parameters and
nuclear observables, especially for the purposes of as-
trophysical modeling and 2) bridging phenomenological
EDF approaches with ab initio approaches [10, 11], which
use precise phenomenological two- and three-nucleon po-
tentials [12–14] or potentials obtained from effective field
theories [15–17]. An important express goal is to provide
higher predictive power in the description of exotic nu-
clei. A consistent and realistic description of atomic nu-
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clei and homogeneous nuclear matter is necessary in the
modelling of neutron stars and supernova simulations.
After decades of work and hundreds of EDF mod-
els, the search for a universal functional is ongoing and
stumbling blocks remain in reaching the above goals.
Traditional EDF models demonstrate spurious correla-
tions amongst parameters, in particular, involving the
in-medium effective mass [18, 19]. It is also commonly
said that certain observables “prefer” a low or high effec-
tive mass. (Respective examples are radii or energies [8].)
It turns out that most available models fail to reproduce
simultaneously nuclear observables and reasonably con-
strained EoS properties [20, 21]. The situation is cer-
tainly unsatisfactory: if an EoS is “realistic,” then by
definition it should be able to reproduce nuclear proper-
ties. However, testing a given EoS candidate directly on
nuclear properties, without refitting and refining it, has
been impossible.
In this manuscript, we address the question: Given a
reasonable, based on current knowledge, parameteriza-
tion for homogeneous matter, can we apply it to nuclei
with no refitting of the EoS parameters? For the first
time we propose a method to realize such applications
and obtain a positive answer to the above question. We
find that the key lies in the treatment of the in-medium
effective mass. Any parameters which do not affect and
cannot be constrained from the EoS are fitted to bulk
properties of only three nuclei and are found to describe
all considered nuclei successfully. Based solely on the
given EoS, predictions for exotic isotopes and for the neu-
tron skin thickness of key nuclei are provided.
Our method and its first applications to nuclei will
be presented below. In Sec. II we present for complete-
ness the EoS Ansatz and selected parameterization. In
Sec. III we describe how a Skyrme model for nuclear
structure calculations can be directly engineered from it
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2and present corresponding results for finite nuclei. We
summarize in Sec. IV.
II. HOMOGENEOUS MATTER
As elaborated and justified in Ref. [22], the energy per
particle in homogeneous infinite nuclear matter is param-
eterized in terms of the Fermi momentum kF or the cubic
root of density,
E(ρ, δ) = T (ρ, δ) +
3∑
n=0
cn(δ)ρ
1+an ; an = n/3, (1)
where ρ = ρn + ρp is the baryon density, with ρn and ρp
being the neutron and proton densities, respectively, and
asymmetry is defined as δ ≡ (ρn − ρp)/ρ. The kinetic-
energy part T is written as
T (ρ, δ) = 3
5
[
~2
2mp
(1−δ
2
)5/3
+
~2
2mn
(1+δ
2
)5/3]
(3pi2ρ)2/3 ,
(2)
wheremp (mn) is the proton (neutron) mass. The Ansatz
(1) and related strategy are henceforth dubbed KIDS
(Korea: IBS-Daegu-SKKU) after the locale or institute of
the original developers [22–24]. The statistical analyses
of Ref. [22] showed that three terms suffice for isospin-
symmetric nuclear matter (SNM) (it is worth noting that
the same is concluded in Ref. [25] based on nuclear data)
in a converging hierarchy, and that four terms suffice for
pure neutron matter (PNM) in a broad regime of densi-
ties. A larger number of parameters is undesirable, as it
might lead to overfitting.
A set of SNM parameters ci(0) was determined by us-
ing established properties at saturation: the saturation
density ρ0 = 0.16 fm
−3, the energy per particle at sat-
uration E0 = −16 MeV, and the compression modulus
K0 = 240 MeV. This information can uniquely fix three
unknowns c0,1,2(0). (Because it gives a marginal con-
tribution, one can set c3(0) = 0 [22–24]. If necessary,
one can use this free parameter to also fix the skewness
parameter Q0.)
The four PNM parameters ci(1) at present have been
fitted to the Akmal-Pandharipande-Ravenhall (APR)
EoS [13]. Thus was generated the set of parameters
called “KIDS-ad2” in Ref. [22], which has c0(0) =
−664.52, c1(0) = 763.55, c2(0) = 40.13, c3(0) = 0.0,
c0(1) = −411.13, c1(1) = 1007.78, c2(1) = −1354.64,
c3(1) = 956.47, where all cn(δ) values are given in units
MeV·fmn+3. The resulting rounded values of the symme-
try energy and its slope, curvature, and skewness at satu-
ration are (J, L,Ksym, Qsym) = (33, 50,−160, 590) MeV.
Focusing on high densities, in Ref. [22], the efficiency
of the scheme was demonstrated in the regime of neu-
tron stars, while the convergence of the expansion was
explored Ref. [24]. The nuclear symmetry energy is cal-
culated as shown in Fig. 1. The results show that the
symmetry energy may not be soft or stiff but may have
FIG. 1. Nuclear symmetry energy. The KIDS-ad2 equation of
state employed in this work is compared with other available
models which have been fitted to nuclear data under various
protocols.
a nontrivial density dependence. Interestingly, a sim-
ilar behavior is seen in Refs. [26, 27] originating from
skyrmion–half-skyrmion phase transition. Eq. (1) is rich
enough to accommodate such behavior.
Very relevant for nuclei, on the other hand, is the be-
havior at low densities. We test the validity of extrapo-
lation below the APR pseudodata region, ρ < 0.02 fm−3.
The results for the PNM energy are shown in Fig. 2,
where they are compared with EoSs obtained from ab
initio methods (QMC AV4 [14] and EFT [16]), from a re-
summation formula YGLO [28] (fitted to ab initio pseu-
dodata in ρ < 0.005 fm−3 [14] and to the PNM EoS
of Ref. [13] at ρ > 0.02 fm−3) and from representative
Skyrme models [20]. The KIDS model is found to repro-
duce the low-density curvature best with respect to EFT,
to which it has not been fitted.
Having shown that the above EoS has a wide range of
applicability in density, we apply it to investigate nuclei
without altering its given parameter values. For the pur-
pose of testing further this “proof of principle” we use
additionally a similarly obtained EoS but with a com-
pression modulus of K0 = 220 MeV.
III. FINITE NUCLEI
For the application to nuclei we rely on the Kohn-Sham
framework. In particular, we reverse-engineer a Skyrme-
type force [20] for Hartree-Fock calculations, which can
then be undertaken with a straightforward extension of
a standard numerical code [29]. Minimally, in order to
reproduce the EoS of Eq. (1), we adopt the form of gen-
3FIG. 2. Energy of pure neutron matter EPNM divided by the
free-gas value EFG as a function of |akN |, where a(= −18.9
fm) is the neutron-neutron scattering length in free space, and
kN is the neutron Fermi momentum. Corresponding density
values are indicated on the upper abscissa. The KIDS-ad2
equation of state is compared with the results of chiral effec-
tive field theory (EFT - gray band), a quantum Monte Carlo
calculation (QMC AV4 - points), the EFT-inspired model
YGLO(Akmal) and other available models fitted to nuclear
data under various protocols.
eralized Skyrme force given as
vij = (t0 + y0Pσ)δ(rij) +
1
2
(t1 + y1Pσ)[δ(rij)k
2 + h.c.]
+(t2 + y2Pσ)k
′ · δ(rij)k + iW0 k′ × δ(rij)k · (σi − σj)
+
1
6
3∑
n=1
(t3n + y3nPσ)ρ
anδ(rij); an = n/3
(3)
where k = (∇i −∇j)/(2i) and k′ = −(∇′i −∇′j)/(2i),
rij is the relative coordinate, and Pσ is the spin-exchange
operator. The strength of the spin-orbit coupling, which
is absent in the EoS of Eq. (1), is introduced by the
W0 term. It should be noted that the above “force”
is an auxiliary entity, with no direct relation to a true
Hamiltonian. It is rather used as a stepping stone to
the equivalent independent-particle “external” potential
V and resulting Kohn-Sham orbitals.
The Skyrme force of Eq. (3) resembles other gener-
alized Skyrme models with multiple density-dependent
couplings t3n [30–32]. However, our strategy for de-
termining not only the precise form [22] but also the
strength of the Skyrme parameters is completely differ-
ent. In particular, we keep the given EoS unchanged. In
addition, we can retain the flexibility to assume arbitrary
values for the nucleon effective mass if desired.
By comparing Eq. (1) and the EDF corresponding to
the above Skyrme force [8, 20], relations among Skyrme
and KIDS parameters can be straightforwardly obtained
as
t0 =
8
3
c0(0) , y0 =
8
3
c0(0)− 4c0(1),
t3n = 16cn(0) , y3n = 16cn(0)− 24cn(1), (n 6= 2)
t32 = 16c2(0)−
3
5
(
3
2
pi2
)2/3
θs,
y32 = 16c2(0)− 24c2(1) +
3
5
(3pi2)2/3
(
3θµ − θs
22/3
)
,
(4)
with
θs ≡ 3t1 + 5t2 + 4y2 , θµ ≡ t1 + 3t2 − y1 + 3y2 . (5)
This reveals that 1) most Skyrme parameters
(t0, y0, t31, y31, t33, y33) are uniquely determined from
the KIDS EoS parameters with n 6= 2, but 2) the above
EDF for nuclei provides two sources for the c2(δ)ρ
5/3
term (n = 2): one from the density-dependent term in
Eq. (3) (Skyrme parameters t32, y32), and the other from
the momentum-dependent terms in Eq. (3) (parameters
t1, t2, y1, y2). The latter parameters determine the
isoscalar and isovector effective masses as [33]
µ−1s ≡ (m∗IS/m)−1 = 1 +
m
8~2
ρ θs, (6)
µ−1v ≡ (m∗IV/m)−1 = 1 +
m
4~2
ρ (θs − θµ), (7)
where we have used, for simplicity, the average nucleon
mass m.
The unknowns to be determined for nuclei, besides W0,
are then the momentum-dependent proportions in c2(0)
and c2(1) and, correspondingly, the precise values of t1,2
and y1,2. Our procedure is to
1. fit the momentum-dependent terms to the energy
and charge radius of 40Ca (details specified below),
with W0 initialized to null,
2. determine W0 from the energies and radii of the
nuclei 48Ca and 208Pb,
3. iterate, i.e., examine 40Ca with the new value of
W0 and again determine W0 anew and so on.
It turns out that iteration is largely unnecessary, because
the bulk properties of the spin-saturated nucleus 40Ca are
insensitive to W0.
The momentum-dependent part (steps 1, 3 above) can
be determined in different ways. A simplistic procedure
we explored before [23, 24] is to set y1 = y2 = 0, and
encode the momentum dependence in a single param-
eter k, corresponding to the portion of c2(δ) assigned
to the momentum dependence part. The value of k is
then determined from the properties of 40Ca. For KIDS-
ad2 one obtains k = 0.111, corresponding to (µs = 0.99,
µv = 0.82), and W0 = 108.35 MeV · fm5. This method
provides rather limited flexibility.
A preferable way is to retain the freedom in y1,2. We
now have four parameters to be explored instead of two.
4This freedom allows us to explore different values for the
effective masses (µs, µv) at saturation density and is cen-
tral to the present work. According to Eqs. (4)−(7), the
values for the effective masses, together with the already-
fixed EoS coefficients c2(0), c2(1), determine the parame-
ters t32, y32. This is different from the traditional Skyrme
force model that has a priori t32 = y32 = 0, making the
whole c2 term to be momentum-dependent, not necessar-
ily a physical assumption. We are now left with only two
unknowns in each case, namely two linear combinations
of t1, t2, y1, y2. In the Skyrme functional those corre-
spond conveniently to the isoscalar and isovector gradient
coupling coefficients Cρ∆ρ0 and C
ρ∆ρ
1 , which are inactive
in and unconstrained by homogeneous matter, but the
fit to nuclei can determine them. In practice, the param-
eter space can be handily constrained by demanding 1)
that Cρ∆ρ1 be lower than 50 Me · fm5 (a handy and loose
enough rule of thumb [34]) and 2) that polarized neutron
matter remain stable at high densities [35]. From the ac-
ceptable combinations we choose the one that gives the
best results for 40Ca. Finally, for each parameter set [i.e.,
essentially, for each pair of (µs, µv) and best fit to
40Ca]
we determine W0 by fitting to the energies and radii of
48Ca and 208Pb.
In the following applications we employ primarily the
KIDS-ad2 parameterization, which is based on the APR
EoS and was already presented above, and we explore the
momentum dependence. Skyrme parmeters for different
values of the effective masses are derived, as already de-
scribed, for:
• The KIDS-ad2 EoS for SNM and PNM and for µs =
0.7, 0.8, 0.9, 1.0 (with µv = 0.82) or for µv = 1.0
(with µs = 0.9).
• For verification purposes, the same EoS parame-
ters as KIDS-ad2 except that the SNM compression
modulus is K0 = 220 MeV; thus c0(0) = −727.02,
c1(0) = 993.80, c2(0) = −171.93, c3(0) = 0.0,
where cn values are in units of MeV·fmn+3.
For comparison, we apply also the Skyrme parameter set
with y1 = y2 = 0 and k = 0.111 [23, 24], henceforth
labeled KIDS0:
• KIDS0: The same EoS as KIDS-ad2, but with y1 =
y2 = 0, µs = 0.99, µv = 0.82 , W0 = 108.35 MeV.
Resulting Skyrme-type parameters for representative
cases are collected in Table I.
Results from Hartree-Fock calculations for the input
nuclei 40,48Ca, 208Pb and for other (semi-)magic nuclei
are shown in Fig. 3 along with the available data. Here,
all results for 16O, 28O, 60Ca, 90Zr, 132Sn, and 218U are
predictions. We compute a mean absolute deviation of
the calculated observable O (O = E/A or Rc) with re-
spect to data defined as
DO =
1
Nnucl
Nnucl∑
i=1
∣∣∣∣∣Oexpti −OcaliOexpti
∣∣∣∣∣ , (8)
FIG. 3. Results for binding energy per nucleon E/A, charge
radius Rc, and neutron skin thickness ∆rnp. All results
for16O, 28O, 60Ca, 90Zr, 132Sn, and 218U and all neutron-
skin results are predictions. Data of energy per particle and
charge radius are taken from National Nuclear Data Center
and Ref. [37], while neutron skin data from Refs. [38–40].
where the sum runs over nuclei considered here for which
data exist. Results are shown in Table I.
We observe that in the scale of the graphs the results
for the bulk properties are practically indistinguishable
and, apart from 16O, in excellent agreement with avail-
able data and on a par with other models as the values
of DE and DR indicate. From these results, we draw two
conclusions: (1) A good-quality Skyrme model can eas-
ily be reverse-engineered from a good-quality EoS without
refitting the latter , while (2) bulk and static quantities
are practically independent from the effective mass. The
second conclusion is a most unusual, though intuitively
unsurprising, result, which would not have been revealed
had we ascribed the ρ5/3 term fully to the kinetic energy
from the outset. Note that, in that case, for KIDS-ad2
we would have obtained µs = 0.92 and µv = 0.33.
The insensitivity to the effecitve mass assumptions is
also examined in Table I for the exotic nucleus 60Ca
which was recently discovered [41]. Some dependence
is perceived in the much finer cases of the neutron skin
thickness, in particular, of 208Pb, 218U, and 90Zr, possi-
5Model, or: 60Ca:
K0 t0 t1 t2 t31 t32 t33 W0
DE [%]
E
A
[MeV]
(µs, µv) y0 y1 y2 y31 y32 y33 DR[%] Rc [fm]
KIDS0
−1772.04 275.72 −161.50 12216.73 571.08 0
108.35
0.32 7.6561
−127.52 0 0 −11969.99 29485.52 −22955 0.56 3.6465
240 MeV −1772.04 270.52 −355.95 12216.73 642.12 0
97.61
0.41 7.6993
(1.0, 0.82) −127.52 156.90 242.04 −11969.99 29224.07 −22955 0.56 3.6416
240 MeV −1772.04 448.99 −279.45 12216.73 −2572.65 0
135.24
0.26 7.6464
(0.7, 0.82) −127.52 −345.72 234.74 −11969.99 41318.69 −22955 0.44 3.6494
240 MeV −1772.04 315.97 −527.58 12216.73 −191.34 0
107.58
0.38 7.6933
(0.9, 1.00) −127.52 −56.87 480.10 −11969.99 36289.12 −22955 0.57 3.6370
220 MeV −1938.71 281.04 −479.05 15900.76 −2750.91 0
88.96
0.52 7.7701
(1.0, 0.82) −294.19 236.07 388.03 −8285.96 25831.04 −22955 0.94 3.6524
220 MeV −1938.71 466.23 −439.68 15900.76 −5965.68 0.00
133.36
0.44 7.6807
(0.7, 0.82) −294.19 −247.10 422.10 −8285.96 37925.67 −22955 0.82 3.6663
GSkI [31]
−1855.45 397.23 264.63 13858.00 −2694.06 −319.87
169.57
0.20 7.6294
−219.02 −698.59 −478.13 1747.29 3200.69 146.94 0.68 3.6640
SLy4 [36]
−2488.91 486.82 −546.39 13777.00
122.69
0.38 7.7030
−2075.75 −167.37 546.39 18652.68 0.91 3.6734
TABLE I. The Skyrme-type parameters, deviations of the calculated energies and charge radii defined by Eq. (8), and the
predictions for 60Ca, for the models indicated on the leftmost column. The corresponding powers of the density-dependent
couplings, (a1, a2, a3), are as in Eq. (1), except for SLy4 where there is only one density-dependent term with a1 = 1/6. The
errors DE and DR in the cases of GSkI and SLy4 are calculated based only on the values reported in the respective original
publications [31, 36].
bly attributable to structural details that should be ex-
amined further in subsequent studies. We also observed a
tendency that the K0 = 240 MeV parameterizations per-
form better than those with K0 = 220 MeV. Systematic
studies will be reported elsewhere.
The effective mass values can of course affect dy-
namical properties such as removal and capture ener-
gies (single-particle spectrum) and nuclear collective mo-
tion. Fig. 4 compares presently obtained single particle
energies with data and other model calculations, UN-
EDF2 [42], GSkI [31], and SLy4 [36]. In UNEDF2 and
GSkI the single particle energy levels of 208Pb are used
in the fitting, so they are expected to give better results.
For a quantitative comparison we consider a mean abso-
lute deviation,
D ≡ 1
N
N∑
i=1
∣∣∣∣∣Eexpti − EcaliEexpti
∣∣∣∣∣ (9)
with the sum executed on the whole states shown in
Fig. 4. This value is given in units of percentage points
under the name of each model in Fig. 4. The accuracy of
KIDS models with high effective mass is similar to those
of GSkI and UNEDF2 models. Strictly speaking, only
the highest occupied state of a many-body system can
be considered as an observable [4, 44]. The comparison
is nonetheless interesting, in confirming that higher val-
ues of µs may be needed to reproduce the single-particle
spectrum of 208Pb.
.
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Proton level scheme of 208Pb
µs = 0.7
µs = 0.8
µs = 0.9
µs = 1.0
Exp.
KIDS0
UNEDF2
GSkI
SLy4
12.1 7.87 4.23 2.67 0.00 4.55 2.23 7.26 11.8
3s1/2 3s1/2
2d3/2 2d3/2
1h11/2 1h11/2
2d5/2 2d5/2
1g7/2
1g7/2
FIG. 4. Energies of occupied proton levels of 208Pb from var-
ious models compared with empirical removal energies [43].
The KIDS results for K0 = 240 MeV, µv = 0.82 and varying
µs are on the left of the experimental levels. The number
under each model name is the deviation D of Eq. (9), in per-
centage points, for the levels shown underneath.
Since the effective mass value influences the level den-
sity, it is relevant when one considers an effective pairing
force (unless perhaps consistency issues are properly ad-
dressed [45]). The latter is active in open-shell nuclei.
The issue goes beyond the scope of the present work,
but two remarks are in order at present. First, if closed-
6FIG. 5. Energy per particle of (a) Ca and (b) Sn isotopes
without considering pairing correlations. The KIDS results
for K0 = 240 MeV, µv = 0.82 and varying µs are shown along
with those from representative Skyrme functionals (SLy4,
GSkI) and experimental data.
shell nuclei are well described by KIDS, then an effective
pairing treatment with KIDS functionals can be at least
as accurate as with other functionals in use. Second, the
flexibility KIDS retains in the values of the effective mass
will lead to more flexibility when examining pairing. As
an illustration of the above, in Fig. 5 we show the energy
per particle in Ca and Sn isotopes, without pairing, cal-
culated with the KIDS-ad2 parameterization for different
values of the effective mass and with two representative
Skyrme functionals, along with data. The trends along
isotopic chains are the same for all functionals. In ad-
dition, a residual effect of the effective mass is seen in
some open-shell isotopes. A study of pairing with KIDS
in a Hartree-Fock-Bogolyubov (HFB) framework will be
reported elsewhere.
IV. SUMMARY
We presented and validated a unique method for ex-
tracting a generalized Skyrme-type EDF for nuclei from
a given, immutable EoS. The scheme utilizes a natural
and versatile Ansatz for the EoS of SNM and PNM which
is “agnostic” with respect to effective masses. We have
shown that 1) a predictive Skyrme model can easily be
reverse-engineered from a realistic EoS without refitting
the latter, and that 2) bulk and static quantities are prac-
tically independent of effective masses. To our knowledge
these are unique results unifying the description of finite
and homogeneous systems. Future applications abound:
Our method will allow us to vary independently and at
will all relevant EoS parameters (e.g., compression mod-
ulus or symmetry energy parameters) around a baseline
set of values (here, those of KIDS-ad2) and the effective
mass and to examine their effects on predictions for nu-
clear observables. An exploration of symmetry-energy
parameters is underway [46, 47]. Explorations of giant
resonances are also in progress [48]. It remains feasible
and a future goal to constrain the momentum and spin
dependence based on microscopic calculations of the ef-
fective mass or polarized matter and the spin-orbit cou-
pling from, e.g., relativistic approaches.
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